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1. INTR~D~JCTI~N 
Let us call a commutative noetherian local ring qwsi-Cohen-Macaulay (or 
quasi-CM) if it has a nonzero module of finite length and finite homological 
dimension. We show in this note that a quasi-CiV ring of type 1 (definition 
in Section 2) is Gorenstein and we derive a consequence that a commutative 
noetherian local ring is Gorenstein if it has an irreducible ideal of finite homo- 
logical dimension which is primary to the maximal ideal. 
It has been conjectured that a quasi-CM ring is Cohen-Macaulay. This 
conjecture, being an immediate consequence of [2, Corollary 11, is known to 
be true for a large class of rings. Our result gives a little more evidence to the 
truth of the conjecture in the sense that quasi-Cm rings and Cohen-Macaulay 
rings behave similarly under the extra hypothesis on the type. 
2. PRELIMINARIES 
Throughout this paper, A will denote a commutative noetherian local ring. 
Also tu (resp. k, d) will denote its maximal ideal (resp. the residue class field, 
the depth). 
Recall from [1] the definition fthe numbers p$ : 
pLi = dim, ExtAi(K, A) 
for i = 0, l,... . We know from [1] that A is Gorenstein if and only if pi = 0 
for all large i. Since, for an A-module N of finite length, ExtA”(N, A) = 0 for 
i < d and ExtAd(N, A) f 0, the first nonvanishing pi is pLd. We call it the FJ@ 
ofA. 
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For any A-module N, denote ExtAd(N, A) by fl, If Z(N) is finite, then so 
is Z(m) and 
Z(m) G d(N). 
This follows by induction on Z(N) by using the half-exact functor ExtAd(*, A) 
on an exact sequence 0 + N1 -+ N + k -+ 0. 
If, further, hd,N < co and pd = 1, then 
Z(m) = Z(N) 
because, in such a case, fl = N. 
For an A-module N, let us denote by a(N) the dimension of its socle and 
by r(N) its minimal number of generators. 
PROPOSITION. For any A-module N of finite length, 
@> = m4’V~ 
Proof. Applying ExtAd(., A) to the exact sequence 
O+&V-+N+k~(N)-+O 
we find an exact sequence 
0 --f ExtAd(kycN), A) -+ n, 
which shows that c@) 3 p&N). On the other hand, let E be the injective 
envelope of k and let 
be the minimal injective resolution of A. From [l] we know that Ei contains Z.Q 
copies of E as a direct summand and no more. Now Ext,“(N, A) is the dth 
homology of the complex 
But Z(N) being finite, Hom,(N, Et) = Hom,(N, El*%) and hence ExtAd(N, A) 
is the dth homology of the complex 
So, since Z.Q = 0 for i < d, we have 
R = ExtAa(N, A) C Horn&V, EUd) = Hom,(N, E)LLd. 
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Now the dimension of the socle of Hom,(N, E)“La is p&N) which we already 
know to be not greater than (T(N). Since N is a submodule of Hom,(N, Epp 
it follows that o(N) = p&N). 
3. THE THEOREM 
THEOREM. A quasi-Cohen-Mucuulay ring of type 1 is Gorenstein. 
Proof. Let A be quasi-CM of type 1 and let M # 0 be an A-module of finite 
length and finite homological dimension. Then hd,M = d (= depth A). Since 
pa = 1, for any A-module N of finite length we have 
with equality holding provided N is of finite homological dimension as well. 
From an exact sequence 
O+M,+M+k+O (1) 
we derive (using hd,M = d) an exact sequence 
0 - Ext&, A) ---+ A?l--% ii& -4 Ext;+‘(R, A) -4 0 (2) 
and isomorphisms 
Extyl(M1, A) m Exty’(k, A) (3 
for i >, d. From (1) and (2) we get 
Z(Im ?D) = Z(M) - Z(Ext,“(k, A)) 
=Z(M)- 1 (since pELd = 1) 
= wfl~ 
2 w@l). 
It follows that v must be surjective. 
Thus Ext:+‘(K, A) = 0, i.e., pe+l = 0. 
Now using the half-exactness of Ext:+‘(*, A), we see by induction on Z(N), 
that Ext:+’ N A) = 0 for A-modules N with Z(N) < co. From the isomor- ( 9 
phisms (3) we then get Ext2+2(K, A) = 0. Proceeding thus we see that pi = 0 
for i 3 d + 1. Hence A is Gorenstein. 
COROLLARY. If a noetherian ZocaZ ring A has a module M with Z(M) < 00, 
hd,M < 00 and v(M) = 1, then A is Govenstein. 1% particular, the concfusioz 
holds if A has an irreducible m-prim,ary ideal of $nite homological dimension. 
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Proof. Since Z(a) < co, hd,ii? < 03 and fi = M, we have, ,by,the Proposi- 
tion in Section 2, 
1 = o(M) = y&q@). 
So ,LQ = 1 and therefore A is Gorenstein. 
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